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Abstract  
Kaye et al. (1995, Wear, 186-187, 413-420) conducted an experimental investigation of the 
cleaning of thin soil layers by water jets generated from stationary nozzles of diameter 0.25-2 35 
mm and velocities ranging from 6-40 m s-1. The soil layers were prepared by drying a 
commercial cleaning suspension on polymethylmethacrylate plates. Several of their data sets 
have been re-analysed and are shown to fit the ‘strong soil’ model for cleaning by peeling 
reported by Bhagat et al. (2017, Food Bioproduct Proc., 102, 31-54). The model is 
demonstrated to be able to explain the trends in cleaning efficiency observed by Kaye et al. 40 
quantitatively, including the transition in efficiency observed at longer times. Kaye et al. also 
investigated the case of cleaning by a moving nozzle for one set of jet conditions, and reported 
an increase in cleared area with nozzle velocity. This behaviour is not predicted for the ‘strong 
soil’ and the model was modified to incorporate a contribution from the milling action of the 
jet in its impingent zone. This ‘very strong soil’ result gave good agreement with the data for 45 
the area cleared and the shape of the cleared region. 
Keywords  Cleaning, erosion, liquid jet, model, soil 
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Nomenclature 
Roman 50 
a   Radius of cleaned area, [m] 
ai   Radius when cleaning front is first seen, [m] 
ai*  Dimensionless radius when cleaning front is first seen, [-] 
ax   Distance to cleaning front on jet path, [m] 
A   Area of the cleared region, [m2] 55 
c1   Lumped parameters, 𝑐1 =
10𝜇𝑈o𝜋
2
3𝜌𝑄2
 , [m-3] 
c2   Parameter, Eq. [8], [-] 
c3   Parameter, Eq. [9], [m
-3] 
dN   Nozzle diameter, [m] 
E  Efficiency factor, [m-1] 60 
EU  Prefactor efficiency, [m
-1] 
k’   Lumped cleaning rate constant, [m s kg-1] 
L  Distance from nozzle to target, [m] 
ṁ  Mass flow rate, [kg s-1] 
M  Momentum flow per unit width, [kg s-2] 65 
p  Radial distance to cleaning front, [m] 
p*  Dimensionless radial distance to cleaning front, [-] 
Q  Flow rate leaving nozzle, [m
3 s-1] 
r   Radial co-ordinate, [m] 
rb   Boundary layer radius, [m] 70 
ro   Jet radius, 𝑟o =
1
2
𝑑N [m] 
Re  Reynolds number, defined Re = UodN/µ  
t   Time, [s] 
ti   Induction time, [s] 
Uo   Jet velocity, [m s
-1] 75 
V  Jet’s traversal velocity, [m s-1] 
WeG  Weber number gaseous, defined We = GUo2dN/γ 
WeL  Weber number liquid, defined We = LUo2dN/γ 
 
  80 
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Greek 
   Angle to direction of nozzle motion, [-] 
γ   Surface tension, [N m-1]
   Density, [kg m-3] 
µ   Dynamic viscosity, [Pa s] 85 
σ    Cleaning rate parameter, [m2 s-1] 
 
Acronyms 
PMMA Polymethylmethacrylate  
RFZ  Radial flow zone 90 
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Introduction 
Cleaning, namely the removal of unwanted layers from surfaces, is an example of deliberate 95 
and controlled wear. The aim is to remove the soiling layer rapidly without damaging the vessel 
or device surface. Cleaning is a critically important operation in the food, pharmaceutical and 
chemical industries where coatings of fouling layers or residual soil layers are generated on a 
surface from the materials being processed. Many modern manufacturing systems subject to 
rapid soil formation employ cleaning-in-place systems to remove the soil layer automatically. 100 
The methods used depend on the soil to be removed, the surface involved, the nature of the 
unit and the resources available [1].  
Cleaning directly affects manufacturing sustainability as the operation usually consumes water, 
time, chemicals and energy, simultaneously generating waste products that need to be treated 
and/or disposed of. The design and operation of cleaning systems has often been based on 105 
empirical studies: the need to optimise these resources to improve sustainability requires 
physically based quantitative models which can be used to predict the rate of cleaning.  
Impinging liquid jets, generated by static or rotating spray balls and moving nozzles, are 
frequently used to clean the internals of storage tanks and vessels as well as individual parts 
(e.g. in a jet washer). When a liquid jet impinges on a solid surface, it flows radially away from 110 
the point of impingement in a thin, fast moving film that exerts a high shear stress on the surface 
within the radial flow zone (RFZ) bounded by the hydraulic jump (if one exists). This shear 
stress promotes erosion [2]. The rate of flow of momentum in the radial direction is also 
appreciable, which can promote peeling. Briscoe et al. [3] termed this process hydrodynamic 
flow induced erosion and discussed the experimental study of Kaye [4] as involving the initial 115 
penetration of the layer under the jet footprint, followed by removal by the lateral fluid flow. 
The behaviour observed is determined by the nature of the layer.  
The penetration of soil layers by liquid jets has been investigated numerically [5,6] and 
experimentally [7-10]. Mechanisms such as water hammer [6] and compression waves [11] 
play a role when the jet velocity is high enough to cause compression effects. Detailed models 120 
of penetration coupling liquid flow and layer erosion in the region beneath the jet footprint are 
not in widespread use: jet erosion testing results tend to be interpreted in terms of lumped 
parameters (e.g. [12]). 
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Mathematical models describing the removal of stubborn soils by impinging liquid jets in the 
RFZ have been developed. Yeckel and Middleman [2] considered the case where the film 125 
generated by the jet eroded a viscous (liquid) soil, coupling the shear stress imposed by the jet 
to the soil motion. Wilson et al. [13] presented a model for the case where the soil is removed 
by a peeling mechanism, which is controlled by the rate at which the layer undergoes adhesive 
failure at the soil-substrate interface. These models have become available through new 
understanding of the hydrodynamics of the thin, fast moving liquid layer created when a jet 130 
impinges on a surface [14, 15]. Other modes of removal exist, often depending on the nature 
of the jet when it impinges: Meng et al. [16] considered removal by a spray rather than a 
coherent or near-coherent jet considered here. 
Kaye et al. [9] conducted a careful experimental investigation of the cleaning of a dried-on 
particulate soil from polymethylmethacrylate (PMMA) plates by high speed (up to 40 m s-1) 135 
water jets. This paper describes the application of one of the models introduced by Bhagat et 
al. [17] to describe the results presented by Kaye et al. and thereby demonstrate how such 
studies can be used to optimise the rate of cleaning of a troublesome soil.  
Kaye et al. studied layers of thickness 0.175 ± 0.010 mm created by spin-coating a commercial 
formulated cleaning product (comprising a suspension of fine particles) on to PMMA surfaces 140 
followed by drying in an oven. They observed that the jet took a short time, which they labelled 
the induction time, ti, to break through the layer at the point of impact. This was followed by 
the growth of a roughly circular region of clean substrate. Figure 1 presents a sequence of stills 
from one of their videos. The initial radius, ai, was somewhat larger than the jet radius, ro: in 
Figure 1(a), ai = 0.97 mm cf. ro = 0.5 mm. Throughout this paper the jet diameter is assumed 145 
to be the same as the nozzle, dN, i.e. 𝑟o =
1
2
𝑑N. 
They presented one figure showing that the area of the cleaned region increased linearly with 
the square root of time, but they did not explain the evolution in terms of physical principles. 
They modelled their data using response surface, which is in general suitable for interpolation 
of results but not for application to other systems. They also presented results for the area 150 
cleaned by a moving nozzle: in these experiments a coated disc was rotated and exposed to a 
jet for a fraction of a revolution.  
In this work several of the Kaye et al. video records and a number of their data sets, which Dr 
Kaye provided for analysis, are compared with the quantitative cleaning model for a ‘strong 
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soil’ presented in [17]. Good agreement is obtained for the static nozzle data, and their model 155 
for cleaning by a moving nozzle, suitably modified, is shown to explain several features of 
Kaye et al.’s experimental data. This represents an advance in the capability to use static 
cleaning tests to predict the performance of moving jets.  
 
Mathematical model 160 
Peeling occurs when the force applied to a soil layer is strong enough to overcome the adhesive 
interaction between the layer and the substrate, such that it detaches. The force may not be 
strong enough to cause breakdown of the layer, i.e. overcome the cohesive interactions within 
the layer. The initial penetration of the liquid toward the substrate, which Kaye et al. also 
studied, involves breakdown of the cohesive interactions within the layer and is not considered 165 
here. We consider the case where liquid has created an initial cleared region, taken to be circular 
with radius ai.  
Wilson et al. [13] postulated that peeling was directly proportional to the rate of flow of radial 
momentum per unit width, M, via: 
 𝑑𝑎
𝑑𝑡
= 𝑘′𝑀 
[1] 
 
Here, t is time and a is the location of the peeling front, which in the Kaye et al. experiments 170 
is the radius of the circular cleaned region. Parameter k is a cleaning rate constant, which is 
expected to depend on the magnitude of the substrate-soil interactions and the soil layer 
thickness. The momentum flux is determined by the radial position: as the liquid flows away 
from the point of impingement, a boundary layer of slower moving fluid develops at the wall 
and eventually reaches the free surface (see 14). At some radial location the flow in the film 175 
will become turbulent: none of the cases considered here involved a turbulent film. 
Bhagat et al. [17] identified two cleaning behaviours differentiated by whether the growing 
viscous boundary layer in the liquid film had reached the free surface. Substituting an 
approximate result for M into equation [1] 18,14 yields the following result which encompasses 
the change in film behaviour: 180 
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 𝑑𝑎
𝑑𝑡
= 𝑘′
3
5𝜋
?̇?𝑈o
𝑎
1
(1 + 𝑐1(𝑎3 − 𝑟𝑜
3))
 
[2] 
Here ?̇? is the mass flow rate of liquid in the jet, ro is the jet radius, Uo is the mean velocity in 
the jet, and c1 is a group of parameters and constants. Equation [2] indicates that there are two 
limiting regimes, namely at a ~ ro and at large a. 
(i) Early stage or ‘strong soil’, a ~ ro 
In the first case, termed the ‘strong soil’, a is small so that cleaning occurs within the region 185 
where the boundary layer is growing. M is then approximately given by 
 
𝑀 =
3?̇?
5𝜋
𝑈o
𝑟
 
[3] 
where r is the radial co-ordinate. Using [3] to calculate M at the cleaning front yields 
 𝑑𝑎
𝑑𝑡
=
3𝑘′?̇?
5𝜋
𝑈o
𝑎
 
[4] 
Integrating [4] from the point where breakthrough occurs, at location ai (of order ro) and time 
ti, yields  
 
𝑎2 − 𝑎𝑖
2 =
6𝑘′?̇?𝑈o
5𝜋
(𝑡 − 𝑡i) = 𝜎(𝑡 − 𝑡i) 
[5] 
The area of the cleared region, A = a2, is thus expected to increase linearly with time until a 190 
reaches the position where the boundary layer becomes fully developed, denoted rb. Bhagat 
and Wilson14 reported that rb/ro = 0.48Re
1/3, where Re is the Reynolds number in the jet. For 
the case in Figure 1, rb = 7.5 mm, and the corresponding value of A is 176 mm
2. Figure 1(f) 
shows that the measurements of the cleaned area extracted from the video stills exhibit the 
linear behaviour predicted by Equation [5].  195 
A number of the Kaye et al. data sets were available for examination and will be shown to give 
good fits to Equation [5]. The model indicates that the effective cleaning rate constant obtained 
from such fits, σ, is related to the jet characteristics by  
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𝜎 =
6𝑘′?̇?𝑈o
5𝜋
=
6𝑘′𝑈o
5𝜋
𝜌𝜋𝑟o
2𝑈o =
6
5
𝜌𝑘′(𝑟o
2𝑈o
2) 
[6] 
where  is the liquid density. It should be noted that the parameter  is defined differently here 
from 17 for clarity, differing by a factor of 2. 200 
(ii) Later stages or ‘intermediate strength soil’ 
Kaye et al. presented one set of results (their Figure 4) in which A increased as t0.48. It will be 
demonstrated that this data set featured a large cleaned region (noticeably larger than many of 
the other data sets) such that a > rb at longer times: a then extends into the region where the 
film flow is that of a viscous boundary layer. Integrating Equation [2] for this case gives 205 
 𝑐2(𝑎
2 − 𝑎𝑖
2) + 𝑐3(𝑎
5 − 𝑎𝑖
5) = 𝜎(𝑡 − 𝑡i) [7] 
with the parameters c2 and c3 given by 
 
𝑐2 = 1 −
10𝜋𝜇
3?̇?
𝑟o 
[8] 
 
𝑐3 =
4𝜋𝜇
3?̇?𝑟o2
=
4𝜇
3𝜌𝑈o𝑟o4
=
8
3
1
𝑟o3
𝑅𝑒−1 
[9] 
where  is the liquid viscosity. Equation [7] indicates that at larger radii the second term on the 
LHS dominates and at large a the cleaned area (𝐴 = 𝜋𝑎2) is proportional to t0.4, which is close 
to the behaviour reported by Kaye et al.  
Kaye et al. also presented data for the area cleaned by a jet contacting a layer of soil on a 210 
rotating disc. The jet impinged the layer normally and created a ring of cleared material. Wilson 
et al.19 presented a model for the area cleared at steady stage by a normally impinging jet 
moving in a straight line across a soil layer at velocity V, which Bhagat et al. (2017) modified 
for the strong soil case. The key elements of this are shown in Figure 2(a). Directly ahead of 
the nozzle path, at location X, distance ax ahead of the centre of impingement, O, the rate of 215 
cleaning is equal to the nozzle velocity. For a strong soil, at steady state,  
 
(
d𝑎
d𝑡
)
𝑋
=
𝜎
2𝑎𝑥
= 𝑉 
[10] 
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At other positions on the cleaning front, e.g. point P associated with angle , the cleaning front 
is located at radial distance p from O. The shape of the cleaning front is given by (see 14) 
 d𝑝 ∗
d𝛽
=
1
𝑠𝑖𝑛𝛽
−
𝑝 ∗
𝑡𝑎𝑛𝛽
 
[11] 
where p* = p/ax. When ax > ro, the boundary condition p* =1 at  = 0 yields the solution p*= 
 cosec  and the cleaning front grows in a quasi-elliptical shape, reaching a constant width at 220 
some distance downstream, of breadth ±ax from the nozzle path. This will be an overestimate 
since at large values of p the strong soil model will not be valid. The area cleared by the nozzle 
in Kaye et al.’s experiments can be modelled, to a first approximation, as a rectangular band 
of width 2ax and length V(t-ti), giving 
 𝐴 ≈ 𝜋𝜎(𝑡 − 𝑡𝑖) [12] 
which is effectively the same result as the static nozzle, to which could be added an extra 225 
component of order 𝜋𝑎𝑥
2 representing the area cleared ahead and behind the nozzle. This result 
is compared with Kaye et al.’s data and modifications to the model are proposed for the case 
where ax < ro, which has not been considered previously. 
 
Results and Discussion 230 
Evolution of cleaned area 
Nine sets of videos taken by Kaye et al. were available for analysis. Table 1 summarises the 
operating conditions used in each experiment. The Reynolds numbers indicate that the jets were 
all in the turbulent regime, while the Weber numbers (WeG and WeL for the vapour and liquid 
phases, respectively) indicate that jet break-up would have involved the first or second wind-235 
induced regime20. The evolution of the radius of the cleaned area over time was extracted and 
compared with the above models. All the data sets inspected showed reasonable or good 
agreement with the model for a ‘strong soil’, Equation [5], which predicts that a increases as 
t0.5. Figure 3 shows three examples of results for different combinations of nozzle diameter and 
jet velocities. The other profiles are provided as Supplementary Figures. One of these, Figure 240 
S5, shows a noticeable increase in gradient (and thus cleaning rate) after 4 s, indicating a change 
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in mechanism.  This feature was not evident in the other video files available, however, and 
could not be investigated further. 
The data were fitted to Equation [5], yielding an estimate of  for each case. Equation [6] 
indicates that  should be proportional to (roUo)2. The values are plotted in the from 1/2 against 245 
roUo in Figure 4 and show this linear dependency. From Equation [6], the gradient yields a k 
value of 1.77 (± 0.25)10-5 m s kg-1. This is similar in magnitude to the values reported in 13 
for cleaning by impinging water jets at 20 °C using similar jet diameters and velocities at the 
lower end of the range in this study. Their values are reported here for comparison: 1.0 10-5 
m s kg-1 for polyvinyl acetate layers, thickness 140 µm; 6.710-6 m s kg-1 for petroleum jelly, 250 
thickness 250 µm; 2.010-3 m s kg-1 for thin (< 80 µm) Xanthan gum layers. At the time of 
writing there is no theory available to predict k. 
The good fit of these data to the model for a ‘strong soil’ appears to contradict the result 
presented by Kaye et al: their Figure 4 showed that the area of soil removed increased as t0.48, 
suggesting that 𝐴 = 𝜋𝑎2 ∝ 𝑡1/2 rather than 𝐴 ∝ 𝑡 (Equation [5]).  This discrepancy can be 255 
explained by considering the conditions employed in the test in question. The data are 
reproduced in Figure 5. The original video and record of the experimental conditions were not 
available owing to issues with data storage. The early data lie near rb, where the viscous 
boundary layer is almost fully developed, beyond which Equation [5] is not expected to apply. 
The Figure shows the prediction for Equation [7] using the value of k obtained from Figure 4, 260 
as well as the result obtained by fitting Equation [7] to the data. The former underpredicts the 
observed cleaning rate, which could be due to differences in layer thickness or soil batch. 
Reasonable agreement is obtained using k = 13 (± 0.9)10-5 m s kg-1, which is approximately 
7× the earlier value. A better fit to the data could be obtained with the more detailed numerical 
model in 14 which models the transition in boundary layers more accurately than Equation [2].  265 
 
Cleaning efficiency 
Kaye et al. defined an efficiency factor, E, to quantify the performance of a cleaning process  
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𝐸 =
𝐴𝑟𝑒𝑎 𝑟𝑒𝑚𝑜𝑣𝑒𝑑
𝑉𝑜𝑙𝑢𝑚𝑒 𝑜𝑓 𝑤𝑎𝑡𝑒𝑟 𝑢𝑠𝑒𝑑
=  
𝜌𝜋𝑎2
?̇? ⋅ 𝑡
 
[13] 
This is similar to the Ev parameter presented by Köhler et al.
21. Kaye et al. reported the 
following findings on how the nozzle diameter, jet velocity and exposure time affect E for the 270 
overall process:  
(i) E increases with increasing exposure time up to a certain value but then decreases 
beyond this maximum;  
(ii) E increases as nozzle diameter is reduced;  
(iii) E increases with increasing jet velocity but this dependence is stronger for smaller 275 
nozzle diameters and weaker at long exposure times.  
These findings are all consistent with the model for a ‘strong soil’. Substituting Eq. [5] into 
[13] gives  
 
𝐸 =  (
𝜌𝜋
?̇?
)
𝑎𝑖
2 + 𝜎(𝑡 − 𝑡𝑖)
𝑡
= (
6𝑘′𝜌𝑈o
5
)
𝑎𝑖
2
𝜎 + 𝑡 − 𝑡𝑖
𝑡
 
[14] 
where 𝑡𝑖 is the induction time required for the jet to initially break through the layer. Kaye et 
al. presented a surface plot of the dependency of 𝑡𝑖 on jet parameters 𝑈o and 𝑑𝑁, which Kaye
4 280 
had modelled using the quadratic relationship 
 𝑡𝑖 = 𝐶1 + 𝐶2𝑑𝑁 + 𝐶3𝑑𝑁
2 + 𝐶4𝑈o + 𝐶5𝑑𝑁𝑈o + 𝐶6𝑈o
2 [15] 
in which 𝑑𝑁 is the nozzle diameter in mm and 𝑈o is the jet velocity in m/s. The experimental 
fitting parameters 𝐶1to 𝐶6 are given in Table 2.  
The surface plot of Eq. [15] in Figure 6 shows that 𝑡𝑖 increased modestly with increasing 𝑑𝑁, 
and decreased with increasing 𝑈o. [Kaye et al. erroneously reported the units of breakthrough 285 
time in their Figure as seconds rather than milliseconds]. At lower 𝑑𝑁 the decrease in 𝑡𝑖 is more 
modest than at higher nozzle diameters.  
Equation [14] can also be written as  
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 𝐸 = 0 t  ti [16a] 
 
𝐸 = 𝐸𝑈 [1 +
𝑎𝑖
2
𝜎 − 𝑡𝑖
𝑡
] 
t > ti [16b] 
where the prefactor EU (≡ 65𝑘
′𝜌𝑈𝑜) is determined by the soil and the jet velocity. If ai
2/σ < ti 
the term in brackets increases with increasing t so the efficiency increases at longer exposure 290 
times. Inspection of the videos indicates that ai  dN (see Table 1), giving 𝑎𝑖
2/𝜎 ≈
10/(3𝜌𝑘′𝑈𝑜
2). For the Uo values tested, between 6 and 40 m s-1, the k value of 1.810-5 m∙s∙kg-
1 gives an estimate of 𝑎𝑖
2/𝜎 of 0.12 – 5.2 s. The corresponding breakthrough times were 0.12 
– 9.5 s, confirming that ai2/σ - ti is negative.  
At longer times Equation [7] applies and 𝑎 ≈ √
𝜎
𝑐3
𝑡
5
. The corresponding expression for E is then  295 
 
𝐸 =  
𝜌𝜋
?̇?
(
𝜎
𝑐3
𝑡)
2/5
𝑡
= (
9
10
𝑘
𝜇
√
𝜌3?̇?
𝜋
)
2/5
𝑡−3/5  
[17] 
and E decreases at longer times, confirming finding (i), of an observed maximum in E. A 
detailed calculation of this transition for an example case is provided in Figure 7. 
Expression [16b] also explains finding (ii). The induction time decreases for smaller nozzle 
diameters (see Figure 6) increasing the term in brackets in Eq. [16b] and thereby the efficiency. 
The nozzle diameter affects both ai and σ: ai  dN (and ro), while σ  ṁ (= ro2Uo), so these 300 
cancel each other out.  
Finding (iii) can also be explained by 𝐸𝑈 being proportional to 𝑈o, which results in a higher 
efficiency for larger jet velocities. The reason why this effect is stronger for smaller nozzle 
diameters is the dependence of 𝑡𝑖 on 𝑈o and 𝑑N in Equation [15]: for the parameter range 
investigated by Kaye et al. the induction time was shorter for smaller nozzles.  305 
Kaye et al. also analysed the efficiency for the peeling process alone, i.e. after the liquid jet 
penetrates the soil layer. For this case they reported the following three experimental 
observations:  
(i) 𝐸 decreases with increasing the exposure time; 
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(ii) 𝐸 increases as nozzle diameter is reduced;  310 
(iii) 𝐸 is roughly independent on the jet velocity. 
These results can be explained by the ‘strong soil’ model with ti set to zero. Substituting for 
?̇? =  𝜋𝑟o
2𝑈o𝜌 and  yields 
 𝐸 =
6
5
𝜌𝑘′𝑈o +
𝑎𝑖
2
𝑟o
2𝑈o𝑡
= 𝐸𝑢 +
𝑎𝑖
2
𝑟o
2𝑈o𝑡
  
[18] 
If 𝑎𝑖 ≈ 𝑟o, 
 𝐸 = 𝐸𝑢 +
1
𝑈o𝑡
  [19] 
Figure 8 displays the efficiency of the peeling process, calculated using Eq. [19], as a function 315 
of 𝑡, 𝑑𝑁 and 𝑈o for the parameter space reported by Kaye et al. Observations (i) and (iii) are 
predicted but observation (ii) is not, primarily due to the assumption that 𝑎𝑖 ≈ 𝑟o. Values of 𝑎𝑖 
extracted from the available video records are reported in Table 1. The ratio ai/ro is larger for 
the smaller nozzle diameters, explaining the higher efficiency in these cases and confirming 
observation (ii).  320 
 
Moving nozzle  
Kaye et al. studied the effect of the nozzle (and jet impingement point) moving across a soiled 
plate using a 𝑑N=1 mm nozzle, 𝑈o=30.5 m s
-1 water jet with traverse speeds ranging from 5 to 
20 mm s-1. The motion was achieved by rotating a coated disk. Tests employed a common 325 
exposure time of 2 s. The induction time for a static nozzle was 153 ±7 ms. Their data are 
reproduced as Figure 9 and show that a static nozzle cleared an area of approximately 30 mm2. 
This compares favourably with A predicted by Equation [5] using ai = ro = 0.5 mm and k = 
1.810-5 m∙s∙kg-1 ( = 5×10-6 m2 s-1) of 29.9 mm2. 
Figure 9 shows that the cleared area increased linearly with V until around 10 mm s-1, after 330 
which it decreased strongly with V. The latter trend was attributed by Kaye et al. to incomplete 
breakthrough of the soil layer by the jet, which we term a ballistic regime. The time for which 
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an element of soil is exposed to the direct impingement of water (promoting breakthrough) can 
be estimated as dN/V, giving 100 ms for the critical velocity of 10 mm s
-1. This is comparable 
in magnitude to the ti value reported above, but suggests that the footprint of the jet is slightly 335 
larger than 0.8 mm2 (= ai2 with ai = 0.5 mm), at 1.8 mm2 (calculated from 2ai = 210 mm s-1 × 
0.15 s , giving ai = 0.75 mm). Increasing ai from 0.5 mm to 0.75 mm would change the predicted 
value of A for the static nozzle to 30.9 mm2, which lies within the spread of data. The value of 
ai measured in the static nozzle experiment (Table 1) was around 1 mm, which is consistent 
with the above finding. The reduction in A with increasing V cannot be explained by the peeling 340 
model (Equation [1]) as the model requires the peeling front to have been established and 
momentum overcomes the soil-substrate adhesive force. The mechanisms active in this ballistic 
regime, where the jet is penetrating the soil layer, have not been fully established, and 
represents a topic for further work. 
The moving nozzle result (Equation [12]) does not predict the observed increase in A with V: 345 
this expression gives A = 29 mm2. Inspection of the ax values (calculated from ax = /2V, 
Equation [10]), however, indicates that ax = ro at V = 5 mm s
-1. At steady state, for this and 
higher velocities, the peeling front would lie within the nozzle footprint, which is inconsistent 
with the expression used to estimate the momentum, M. In effect the nozzle is moving faster 
than the peeling front given by the model, indicating that the existing model is not valid (as it 350 
requires that a ≥ ro).  
We term this ‘very strong soil’ behaviour and propose an amendment of the model to account 
for the overlap with the initial ballistic step. Figure 2(b) shows the key features. Along arc XB, 
where the initial penetration step determines removal, the cleaning front is assumed to be 
circular, with radius ai* = ai/ax. Beyond B, in the nozzle’s wake, peeling – described by 355 
Equation [1] – extends the initially circular crater. Equation [11] applies, with boundary 
condition p* = ai* at  = /2. The solution is  
 𝑝∗ = (𝑎𝑖
∗ + 𝛽 − 𝜋/2)cosec𝛽 [20] 
and the dimensionless half-width of the cleared track approaches ai* +/2 as  → . Figure 
2(b) shows the shape of the cleared front for two values of ai*, of 1 and 2. It can be seen that 
the width of the cleared zone downstream of O changes less as ai* increases, corresponding to 360 
the soil becoming stronger.  
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The area of a rectangular strip thus cleared (neglecting the contributions from each end) is then 
 𝐴 =  2 (𝑎𝑖
∗ +
𝜋
2
) 𝑎𝑥𝑉(𝑡 − 𝑡𝑖) 
[21] 
or, in dimensional form,  
 
𝐴 =  ( 2𝑎𝑖𝑉⏟
𝑚𝑖𝑙𝑙𝑖𝑛𝑔
+
 𝜋
 2
𝜎
⏟
𝑝𝑒𝑒𝑙𝑖𝑛𝑔
) (𝑡 − 𝑡𝑖)  
[22] 
The expression can be interpreted as containing a ‘milling’ contribution, where the soil is 
cleared away from the immediate jet footprint, and a peeling contribution. The milling term 365 
dominates as V increases, as observed in the experiments, until the ballistic limit is reached. 
The expression is not expected to apply when ai < ax as peeling augments the milling step ahead 
of the nozzle. Including an estimated contribution from the leading and trailing ends gives 
 𝐴 =  𝜋𝑎𝑖
2 + (2𝑎𝑖𝑉 +
𝜋
2
𝜎) (𝑡 − 𝑡𝑖) 
[23] 
This model has one adjustable parameter, ai, which is subject to the constraint ai > ro. The 
behaviour predicted for a range of viable ai values is plotted alongside the experimental data 370 
in Figure 9. It can be seen that setting ai = 1.2 mm gives good agreement with Kaye et al.’s 
results. The loci are plotted for velocities in the expected range of validity, namely /(2ai)  V 
 10 mm s-1, and it can be seen that there is a smooth transition from the strong soil result for 
the ai = 1.2 mm locus. Unfortunately, Kaye et al. did not investigate this range of velocities so 
the transition behaviour cannot be confirmed.  375 
The validity of the model could also be determined by comparing the shape of the cleared 
region with that predicted by the model. Photographs of the cleared region from Kaye (1995) 
were inspected and the aspect ratio (length/width) calculated. The results are plotted alongside 
the model predictions for different values of ai in Supplementary Figure S10. There is again 
reasonably good agreement for ai = 1.2 mm. This difference between ai and ro is consistent 380 
with the results reported by other workers 7, 12, 22, 23 for jet impingement on a variety of soils.  
Extension of the results to industrial practice will require consideration of features such as jet 
break-up (e.g. 24) and oblique impingement. The effect of oblique impingement has been 
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discussed for weak and strong soils by Bhagat et al. 17, while Hand et al. 11investigated oblique 
impingement in the ballistic regime by impinging jets as a way of studying erosion by high 385 
velocity droplets. 
 
Conclusions 
A modest number of the original video records and several of the data sets collected by Kaye 
et al. in their investigation of cleaning by an impinging liquid jet have been re-examined and 390 
compared with the quantitative cleaning models presented by Bhagat et al.17. The data show 
that the soil exhibited the ‘strong soil’ behaviour, and the anomalous data set could be explained 
as featuring the transition to Bhagat et al.’s ‘intermediate soil’ behaviour. The quantitative 
understanding provided by the model is able to predict the effect of process parameters on the 
cleaning efficiency reported by Kaye et al.  395 
The performance of a moving nozzle reported by Kaye et al. did not match the ‘strong soil’ 
prediction of  Bhagat et al. Inspection of the data indicated that this was due to the tests 
featuring traverse velocities that invalidated one of the assumptions of the Bhagat et al. model. 
In this ‘strong soil’ regime the area cleared by the impinging jet in its initial scouring stage as 
it penetrates the layer dominates. This ‘very strong soil’ behaviour requires the model to be 400 
modified to describe the milling action of a fast moving nozzle. The new model gave very 
satisfactory agreement with the measurements of the cleared area and its shape.  
The results provide a quantitative mechanistic account of Kaye et al.’s findings and offer a 
route to design or understand the cleaning performance of jets from moving nozzles based on 
simpler experiments with a stationary nozzle.  405 
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  Tables 
 
 
Table 1 – Summary of operating conditions in the experiments analysed. 
𝑑N† 
[mm] 
𝑄 
[m3s-1 10-6] 
𝑈o 
[m s-1] 
𝑅𝑒 
𝐿 
[m] 
𝑊𝑒𝐿 𝑊𝑒𝐺 
𝑎𝑖 
[mm] 
0.25 0.98 19.9 4975 0.1 1370 1.65 0.41 
0.35 1.09 11.3 3955 0.1 620 0.74 0.47 
0.35 2.69 28.0 9800 0.1 3810 4.57 0.50 
1.00 4.71 6.0 6000 0.1 500 0.60 1.05 
1.00 15.63 19.9 19900 0.1 5500 6.60 0.93 
1.00 23.95 30.5 30500 0.1 12900 15.50 0.97 
1.50 23.86 13.5 20250 0.1 3797 4.56 1.48 
1.50 49.48 28.0 42000 0.1 16300 19.60 1.57 
2.00 61.26 19.5 39000 0.1 10600 12.68 1.99 
† The jet diameter is assumed to be equal to the nozzle diameter, i.e. ro = dN/2 495 
 
Table 2 – Experimental constants in Eq. [15], reproduced from Kaye (1995) with permission. 
Constant Value 
𝐶1 6.00 s 
𝐶2 5.44 s mm
-1 
𝐶3 -0.23 s mm
-2 
𝐶4 -0.74 s
2 m-1 
𝐶5 -0.23 s
2 mm-1 m-1 
𝐶6 0.02 s
3m-2 
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Figures 500 
 
 
Figure 1. Growth of the cleaned region at salient times after breakthrough for a water jet of 
diameter 1 mm and mean velocity 30.5 m s-1. (a-e) images captured from the video file 
provided by P.L. Kaye at times indicated; (f) change in cleaned area with time, plotted 505 
in the form used by Kaye et al. (1995). 
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Figure 2. Shape of the cleaning front cleared by moving nozzle in Cartesian co-ordinates, 
scaled by ax, for (a) the ‘strong soil’ case, where ax > ro, and (b) the ‘very strong soil’, 510 
where ax  ro, for the case where (i) ai = ax (solid grey line), and (ii) ai = 2ax (dashed 
line). Dot-dashed lines in each plot show x = 0 and the circle, radius ax, centred at O. 
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Figure 3. Evolution of average cleaned radius with time presented in the form predicted by 515 
Equation [5]. R2 is the regression coefficient.  
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Figure 4. Effect of roUo on gradient of cleaning profiles for all videos analysed in this work. 520 
[Data are reported in Table S1.]  
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Figure 5. Cleaning profile reported in Kaye et al. (1995), Figure 4, for a water jet of diameter 
1 mm and mean velocity 40 m s-1. Dot-dashed line shows area corresponding to rb, here 525 
8.2 mm. Solid and dashed loci show behaviour predicted by Eq. [7] for k values shown. 
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Figure 6. Effect of dN and Uo on induction time for a static nozzle. Black circles show the trend 
for a jet with Uo = 7 m s
-1, as an example. Note Uo axis has decreasing scale. 530 
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Figure 7. Effect of time on cleaning efficiency for nozzle with dN = 1 mm and Uo = 30.5 m s
-1. 
Loci show the behaviour for (i) solid line - A calculated using Eq. [7], evaluated 
numerically; (ii) dot-dash line – short exposure time, ‘strong soil’, Eq. [16b], and (iii) 545 
dashed line, longer exposure times, ‘intermediate strength soil’, Eq. [17].  
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Figure 8. Surface plots of the cleaning efficiency for the peeling process. (a – i to iii) E as a 
function of t and Uo for different values of dN; (b – i to iii) E as a function of t and dN 550 
for different values of Uo.  
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Figure 9. Effect of nozzle velocity on cleared area. dN = 1 mm, Uo = 30.5 mm s
-1, data extracted 
from Kaye et al. (1995). Vertical dotted line marks transition from a peeling to a 
penetration-limited regime, as suggested by Kaye et al. Solid line shows predicted 
behaviour for a ‘strong soil’ (Eq. [12]), and dashed loci show the predictions for a ‘very 560 
strong soil’ (Eq. [23]) for indicated initial cleared radius ai. 
 
 
 
 565 
  
0 5 10 15 20
0
10
20
30
40
50
60
 Kaye et al. data
 Ballistic limit
 Eq. [12]
 ai = 0.5 mm
 ai = 0.75 mm
 ai = 1.0 mm
 ai = 1.2 mm
A
 [
m
m
2
]
V [mm s-1]
Ballistic regime
Eq. [23]
 31 
 
 
Supplementary Figures  
 
 
Figure S1 – Evolution of cleaning front for dN = 0.25 mm, Uo = 19.9 m s-1 570 
 
 
Figure S2 – Evolution of cleaning front for dN = 0.35 mm, Uo = 11.3 m s-1 
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Figure S3 – Evolution of cleaning front for dN = 0.35 mm, Uo = 28 m s-1 575 
 
 
Figure S4 – Evolution of cleaning front for dN = 1.0 mm, Uo = 6.0 m s-1 
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 580 
Figure S5 – Evolution of cleaning front for dN = 1.0 mm, Uo = 19.9 m s-1 
 
 
Figure S6 – Evolution of cleaning front for dN = 1.0 mm, Uo = 30.5 m s-1 
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Figure S7 – Evaluation of cleaning front for dN = 1.5 mm, Uo = 13.5 m s-1 
 
 
Figure S8 – Evolution of cleaning front for dN = 1.5 mm, Uo = 28 m s-1 590 
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Figure S9 – Evolution of cleaning front for dN = 2.0 mm, Uo = 19.5 m s-1 
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Figure S10. Aspect ratio of strip cleared by the moving nozzle (Figure 9); data extracted from 
Kaye (1995). Loci show model predictions for the case where ax > ro (grey lines) and ax < ro 
(black lines) 600 
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Supplementary Tables 
 
Table S1. Data plotted in Fig. 4 
𝑟o[mm] 𝑈o[m/s] 𝑟o𝑈o [m
2 s-1×10-3] 𝜎1/2 [mm s-1] Error bar [mm s-1] 
0.125 19.9 2.49 0.55 0.06 
0.50 6.0 3.00 0.93 0.40 
0.175 28.0 4.90 0.82 0.04 
0.75 13.5 10.13 2.31 0.13 
0.50 30.5 15.25 2.17 0.16 
1.00 19.5 19.50 2.82 0.03 
0.175 11.3 1.98 0.49 0.05 
0.75 28.0 21.00 2.68 0.22 
0.50 19.9 9.95 1.24 0.04 
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